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Abstract 

Arbarello, de Concini, and Kac have constructed a central extension of the 
ideles group on a smooth projective algebraic curve C. We show that this central 
extension induces the theta-bundle on the class group of degree g — 1 divisors on C, 
where g is the genus of the curve C. The other result of the paper is the relation 
between the product of the norms of the tame symbols over all points of the curve, 
considered as a pairing on the ideles group, and the Poincare biextension of the 
Jacobian of C. As an application we get a new proof of the adelic formula for the 
Weil pairing. 

Introduction 

There exists a general ideology which tells that many notions and constructions in alge- 
braic geometry can be translated into the language of certain adelic groups defined for 
a scheme and some additional data on it, for instance a coherent sheaf (see more details 
in [1] or [8]). This article provides a new example to this approach. 

Let C be a smooth projective curve over a field /c, m be an integer prime to char(fc). 
Consider two divisors D and E oti C such that their classes in Pic(C) belong to the 
m-torsion. Let a,/? G be two ideles such that div(a) = D, div(/5) = E, and the 
ideles and (3"^ are principal, i.e., belong to the subgroup k{C)* C A^; then the Weil 
pairing ^^([-D], [E]) of the classes of E and D in Pic(C)m can be given by the following 
adelic formula: 

[E]) = iH Nmfc(,)/fe[(-l)-^^(°^)™'i^(^^)(«-'i^(^^)/3--d^("^))(x)])"^ 

The first proof of this formula when C is of any genus appeared in [5] ; a more elementary 
proof was given later by M. Mazo in [6]. 

On the other hand, Arbarello, de Concini, and Kac have constructed in a certain 
central extension of the ideles group 

^ A;* A^ ^ A^ ^ 0. 
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It follows that the commutator in this extension is given by the formula 

for any ideles a,/? G A^. The goal of this paper is to find a reason for the apparent 
similarity of these two formulas. In turns out that there is a close relation between the 
central extension from [1] and the Poincare biextension over the Jacobian of C, which 
defines the Weil pairing. Namely, we prove that the Poincare biextension is isomorphic 
to some quotient of the canonically trivial biextension A(A^) associated in a usual way 
with the central extension A^. 

The paper is organized as follows. First in section [T] we introduce some notations and 
recall the construction from [1] of a central extension of the group of ideles on a smooth 
projective curve C. We show its relation with the theta-bundle on the Picard variety 
Pic^~^(C) of degree g — 1 line bundles on C. Then in section |2] we give some general 
construction of a quotient biextension associated to a bilinear pairing between abelian 
groups. In section [3] this construction is applied to the pairing of the ideles group given 
by the product of the norms of the tame symbols over all points of C. We show that this 
defines the Poincare biextension of the Jacobian of C, using results from the previous 
sections. 

The author is grateful to A. N. Parshin for his help and attention to this paper, and 
also thanks L. Breen, D. Osipov, and M. Mazo for many useful remarks and suggestions. 

1 A central extension of ideles and the theta-bundle 

Consider a smooth projective curve C of genus g over a field k. Suppose K = k{C) 
is the field of rational functions on C, Ac = H is the ring of adeles on C, and 

Ac = n 'K is the group of ideles. We put C = Y[ 6^ d Ac and O* = H C'^ ^ A^. 

There is a natural surjective homomorphism A^ — > Pic(C), given by the formula a ^ 

[div(a;)], where div(a) = ^ 0Tdx{,Cix) ■ x and ord^; : K* — > Z is the discrete valuation 

xec 

associated with a point x G C. The kernel of this homomorphism is equal to the subgroup 
K* ■ O* C A^. We put deg(a) = J2 ord^ia^). For any two elements a^;,/?^ G K*, the 

xGC 

tame symbol {(yx,f3x)x ^ k{x)* is defined by the formula 

Let us recall some constructions from pQ. For any two ideles a, /? G A^, the subspaces 
aO C Ac and (30 C Ac are commensurable, i.e., there exists a fc-subspace L C Ac such 
that L C aO, L C (30, and the quotients {aO)/L and {(30)/L are finite dimensional. 
We put {aO\(30) = detk{{aO)/L)-^ <^detk{{pO)/L). It is easily seen that this does not 
depend on the choice of L and {aO\(30) is a well defined one-dimensional space over k. 
The set A^ = {(Q;,r)|Q; G A^,r G {0\aO),r ^ 0} has the structure of a group: the 
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multiplication in is defined by the canonical isomorphisms {0\l30) {aO\al30) 
and {0\aO) {aO\af30) {0\a(30) for any ideles G A^. Thus we get a central 
extension 

1 ^ F A^ -> A^ 1. (*) 
Recall that for any central extension of an abelian group A by an abelian group 

the commutator [ga-, gb\ = 9agb9a^9b^ ^ N depends only in a and h for any two elements 
Qa G 7r~^(a), Qh G 7r~^(6); we put (a, h) = [ga, gb]- The pairing (-, ■) is skew-symmetric and 
bilinear. The first assertion is trivial, while for the second one follows from the identity 

[fg,h] = [f,h][g,h]Ad{g-'h){r')Ad{hg-'){f) 

for all elements f,g,h& G, where Ad{g) is the conjugation by g. Since the commutator of 
any two elements in G is central, we have Adlg'^h) = Ad{hg^^) and [fg, h] = [/, h] [g, h]. 

Remark 1.1. Suppose that the central extension corresponds to the cocycle a G H^{A, N) 
and let a : AxA^Nhe any representative of this cocycle; then (a, b) = a{a, b)a{b, a)~^. 

The next result was essentially proved in [1]. 

Theorem 1.1. For all a,f3 G A^, the commutator of their liftings to the group A^ is 
equal up to sign to the product of the norms of the tame symbols: 

There is a cohomological interpretation of the one- dimensional space {0\aO), a G 
A^. Namely, for any /i;-subspace L C Ac, consider the adelic complex 

A(L)': O^K©L^Ac^O, 

where the differential is given by the formula (/, {fx}) ^ {f ~ fx} for f E K, {f^} G L. 
Let D(L) = detfcif°(A(L)') (g) det^ -ff^(A(L)')"^ be the determinant of cohomology of 
this complex. We claim that there is a canonical isomorphism 

D(C») ® {0\aO) ^ B{aO). 

Indeed, let L C Ac be a fc-subspace such that L C O, L C aO, and the fc-spaces 
O/L and {aO)/L are finite-dimensional; then the natural embeddings of complexes 
A(L)* "-^ A{0)* and A(L)* ^ A{aO)' imply the needed result. In other words, 
{0\aO) = Homfc(D(0),D(aO)). 

This interpretation allows to construct a canonical element / G {O\fO)\{0} C A^ 

for any / G K*, using the isomorphism of complexes A((9)* — > A(/(9)*, which leads to 
the isomorphism of one-dimensional fc-spaces D((9) Y){fO). It is easy to check that 
the assignment f ^ f gives a splitting of the central extension (*) over the subgroup 
K* C A^, i.e, we have f ■ g = f ■ g for all f, g e K* . 
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Remark 1.2. As shown in pp, combining the sphtting of (*) over K* with the formula 
from Theorem II ■![ we get the Weil reciprocity law on C. 

Further, for any element m G O* C A^, we have O = uO, hence the space {0\uO) is 
canonically isomorphic to k. This defines the splitting O* —>■ A^, m m of the extension 
(*). We denote the splittings over K* and O* in the different ways because they do not 
coincide on the intersection k* = K* fl (9* C A^. Indeed, for a constant c G A;*, we have 
To compute the Euler characteristic x(A((9)*), we give the following 
geometrical interpretation of the complexes A(a(9)*, a G A^. 

For any invertible sheaf C on C, consider the adelic complex 

A(C, £)• : ^ © J] 4 ^ J] 'C^^o.K, ^ 0, 

xec xec 

where r] is the generic point of C, = C-x Ox and H' is the adelic product (for 
more details see [4J or [8j). It is known that there are canonical isomorphisms H^{C, C) = 
if*(A(C, £)•) for i = 0,1. On the other hand, there is an equality of complexes 

AiC,OciD)y = AiaOy 

for any idele a G A^, where D = — div(a) and for any open subset U G C, the group 
Oc{D){U) consists of all functions / G K* such that (div(/) +D)\u > 0. Thus there are 
canonical isomorphisms H'{A{aOy) = W{C,Oc{D)), D(aO) = det RT{C,Oc{D)), 
and {0\aO) ^ det RT{C,OciD)) ® det RT{C,Oc)-\ where z = 0, 1, a G A^, and 
D = — div(a). In particular, we see that = 1 — g, where g is the genus of the 

curve C and therefore the splittings of (*) over K* and O* do not coincide in general on 
the intersection k* = K* H O* . 

Lemma 1.1. 

(i) For any elements f G K* and a G A^, the following diagram commutes 

{0\aO) det Rr{C,Oc{D))® det Rr{C,Oc)'^ 

if- i 
{0\faO) det RT{C,OciD-dw{f)))(^ det RTiCOc)-^ 

where D = — div(a), the horizontal arrows are canonical isomorphisms, the first 
vertical arrow is multiplication on the left by f in the group A^, and the sec- 
ond vertical arrow is defined by the canonical isomorphism of invertible sheaves 
Oc{D) = Oc{D - (/)) which is multiplication by f in K* . 

(a) For any elements u E O* and a G A^, the following diagram commutes 

{0\aO) det RT{C,Oc{D))® det RT{C,Oc)-^ 

i -u [id 
{0\auO) det RV{C,Oc{D)))® det RV{C,Oc)-^ 

where D = — div(a;), the horizontal arrows are canonical isomorphisms, the first 
vertical arrow is multiplication on the right by u in the group A^, and the second 
vertical arrow is the identity. 
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Proof. Consider an arbitrary element r G ((9|«(9)\{0} and the commutative diagram: 

D(C») ^ D(aO) 
if- if- 
D(/0) ^ D(/aO). 

By definition, the composition of the lower triangle in this diagram, i.e., the diagonal, 
is equal to / ■ r G {0\faO). On the other hand, the composition of the upper tri- 
angle corresponds to the identification of {0\aO) with [0\faO) via the isomorphism 

det RT{C, Oc{D)) det RV{C, Oc{D - div(/))) and this proves (i). The proof of (ii) 
is analogous. □ 

For any integer n G Z, let (A^)" be the set of ideles a such that deg(— div(a)) = n 
and let (A^)" be the preimage of (A^)" in A^. Let 6 be the fine bundle on Pic^"^(C) 
whose fiber over an isomorphism class L of degree g — 1 line bundles on C is given by 
Q\l = det RT{C,C) det -Rr(C, where £ is any representative in L. Note that 

since x{C,C) = 0, this one-dimensional /c-space is well defined. 

Remark 1.3. It is known that the line bundle G is isomorphic to the line bundle associated 
with the theta-divisor on Pic^~^(C) (see [7j). 

The next result is a direct consequence of Lemma II. 1[ 

Proposition 1.1. There is a well defined action of the group K* ■ O* on the set (A^)^"^ 
given by the formula {fu){h) = f ■ h ■ u for all f e K* , u G O* , and h G (A^)^"^- this 
action commutes with the natural action of K* ■ O* on (A^)^^^. Moreover, there is a 
canonical isomorphism of k* -torsors on Pic^~"'^(C) 

K*\{A*cy-^/o* ^ e\{o}, 

where we identify K*\{K*cy-^ / O* with Vic^^^{C) via the map a ^ — div(a), a G A^. 

2 Construction of a quotient biextension 

For all groups below, we write the group law in the multiplicative way. See more details 
on biextensions in [D] and P]. Let A,A',N be abehan groups, B^B' (Z A, C,C' C A 
be subgroups, and let {■,■): A x A N he a bilinear pairing such that {B,B') = 1, 
(C, C) = 1, {Bn C, A') = 1, and {A, B' n C) = 1. Let T be the trivial biextension of 
{A,A')hYN. By T| ((J q/) denote the fiber of T over (a, a') &AxA'. For all elements a G A, 
be E B ■ C, a' E A', and b'c' G B' ■ C, consider the isomorphism T\(^a,a') T\(^abc,a'b'c') 
that is equal to multiplication by {a' , c) {b' , a) {b' , c) G A^. It is readily seen that the last 
expression does not depend on the decompositions be and b'c' and it can be checked 
that this defines an action of the group {B ■ C) x [B' ■ C) on T, which commutes with 
the natural action on A x A'. Moreover, this action commutes with the biextension 
structure on T and we get the quotient biextension P = T/{{B ■ C) x (B' ■ C')) of 
{A/{B-C),A'/{B'-C'))hyN. 
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Remark 2.1. Given a central extension one has a canonically 

trivial biextension A(G) = m*G AplG^^ Ap2G^^ of {A, A) by A^, where pi, p2, m, and A 
denote, respectively, projection on the first multiple, projection on the second multiple, 
multiplication in the group A, and product in the category of A^-torsors on Ax A. If the 
extension splits over subgroups B,C G A, then the commutator pairing (-, ■) satisfies the 
above condition with A' = A, B' = B, and C = C" if we suppose also that {BCiG, A) = 1. 
Let the assignments b ^ b and c t— > c be splittings of the given central extension over B 
and C, respectively; then there is an action of i? x C on G given by the formula g i— >■ bgc. 
This naturally induces the action of {B x C) x [B x C) on A{G). An explicit calculation 
shows that this action factors through {B-C)x [B-C) and coincides with the one defined 
above. 

Let D and D' be two abelian groups. Recall that for any biextension P of {D, D') by 
A^ and for any integer m G Z, m > 1, one defines the Weil pairing 0^ : A^ x A^ — A^m 
in the following way: for any {d, d') G Dm x D^, the element (prn{d, d') is equal to the 
composition given by the diagram of A^-torsors 

pAmI , , PI, 

-< \{d,d') ^ 

T i 

P\(d,{d')'^) < -^1(1,1)' 

where the arrows are natural isomorphisms of A^-torsor defined by the biextension struc- 
ture on P. 

Proposition 2.1. Let A, A', B, B', C, C, (■, ■),T,P be as in the beginning of this section 
and let a e A, a' e A' ,b e B,b' e B, c e C, c' G C' be such that a"" = be and (a')™ = b'c'; 
then we have 

0m(a,a') = (6',a)(a',c)"\ 

where a G A/{B ■ G) and d' G A' /{B' ■ G') are the classes corresponding to a and a! , 
respectively. 

Proof. By construction, the pull-back of the biextension P from A/{B ■ G) x A'/ {B' ■ G') 
io A X A' is isomorphic to the trivial biextension T. Therefore the pull-back of the 
diagram defining the Weil pairing 0m (f^, d') is the diagram 

T\{bc,a') 

i(a',c)-^ 
^1(1,1)- 

This concludes the proof. □ 

3 Tame symbols and the Poincare biextension 

As before, let C be a smooth projective curve of genus g over a field k. Let us recall a 
construction of the Poincare biextension V of (Pic°(C), Pic°(C)) by k* (see [3] and |7|). 



J |(a,a') ^ 

t id 

J- \(a,b'c') < 
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For all isomorphism classes L,M of degree zero line bundles on C, we put V\(^l,m) = 
(£, A4), where 

(£, M) = (det RT{C, C®M)^ det RT{C, C)-^®det RT{C, A^)"^ ® det RT{C, Oc))\{0} 

and C and Ai are any representatives from L and M, respectively. Since x{C, C^Ai) = 
x{C,C) = x{C,A4) = 1 — g, this one-dimensional /c-space is well defined and V is 
a fc*-torsor on Pic°(C) x Pic°(C). To define a biextension structure on V, consider 
the pull-back p*V of V with respect to the natural map p : Pic°(C) x Div°(C) — > 
Pic°(C) X Pic°(C) given by the formula {L,D) i— > (L, There is a canonical 

isomorphism : p*V = V of /c*-torsors on Pic°(C) x Div°(C), where V is the biextension 
of (Pic°(C), Div°(C)) by k* defined by the formula V'\^l,d) = ( (g) /:|?°"^"^^^)\{0}, where 

C is any representative from the class L. Thus <y9 induces a biextension structure on p*V 
and it turns out that it descends to a biextension structure on V. 

Now we put A = A' = (A^)°, = fi' = i^*, C = C" = O*, = k*, and 
(a, /5) = n Nmfc(^)/fc[(Q;^, Px)x]- It is readily seen that the conditions from the beginning 

of section [2] are satisfied, hence we get a biextension P of (Pic°(C), Pic°(C)) by k*. 

Theorem 3.1. The biextension P is canonically isomorphic to the Poincare biextension 
V o/(Pic°(C),Pic°(C)) by k*. 

Proof. Let vr' : (A^)° x (A^)° Pic°(C*) x Div°(C) be the homomorphism given by 
the formula ^ ([Oc7(-div(a))], -div(/5)) and let vr = p o tt' : (A^)" x (A^)" 

Pic°(C) X Pic°(C). 

It follows from section [T] that there is a canonical isomorphism ip : A((A^)°) —>■ 7r*P 
of fc*-torsors over (A^)° x (A^)°. Combining Theorem 11.11 Lemma ll.ll and Remark 
12.11 we see that the natural action of {K* ■ O*) x {K* ■ O*) on 7r*V commutes via 
with the action of {K* ■ O*) x {K* ■ O*) on the canonically trivial biextension A((A^)°) 
described in the beginning of section [2] and defining the biextension P. Therefore P is 
isomorphic to "P as a /c*-torsor on Pic°(C) x Pic'^(C) and it remains to check that the 
canonical isomorphism ip commutes with the biextension structures. 

Note that the pull-back {tt')*V' has a canonical trivialization given by the assignment 

{a,P) ^ (g) 'i^C^^)) e (g) («.a/m.a.a)^(-»d^(/^^)) = in'yV%,p). 

xec x€C 

Thus it suffices to check that the composition (tt')**/? o : A((A^)°) —>■ {jx'yV' sends one 
trivialization to the other. 

Let us recall the explicit form of the isomorphism Lp. Take a pair ([£], D) E Pic*^(C) x 
Div°(C). First, suppose that D > 0; then the exact sequences of sheaves 

^ C ^ CiD) ^ C{D)\d ^ 0, 
O^O^ 0{D) -> 0{D)\d 



7 



lead to the isomorphism jj, : {C,OciD)) ^ detfc(£(L')|£,) (g) det k{0{D)\D)~^. Further, 
by induction on the degree of D, one estabhshes a canonical isomorphism 



u: Homfc(detfc(Oc(^)|D),detfe(£(L>)|D)) ^ (g) £ 

xec 



\x 



The isomorphism (p equals the composition u o ^. 

Suppose that {sx} G H -^^^ ^ collection of local sections such that ^ for 

all a; G C, where G C\x is the value at a point x of a section G Cx- Then the 

determinant of the isomorphism Sx'- Oc{D^\d J^{D)\d is mapped under u to the 

xe\D\ 

product ^®ordx(D)^ where |-D| is the support of the divisor D. 

xgC 

Now consider the pull-backs of /x and u with respect to n'. Let (a, /3) G (A^)° x (A^)° 
be such that 7r'{a, (3) — ([£], D). We may assume that C — Oc{—d.iv{a)). Then the map 
(tt')*// o is the natural isomorphism 

A((A^)°)|(,,^) = ® {0\aO)-^ ® {0\^0)-^ ^ {aO\a^O) ® {0\P0)-^ 

that follows from the exact sequences of complexes 

^ A{aO) A{a(30) {aO\a(30) 0, 

^ A{0) A{(50) {0\(50) 0. 

Therefore the isomorphism {n')*iJ, o takes the canonical element in A((A^)°)|(q,^^) to 
the element dct(a) G Hom^.(((9|/9(9), {aO\aj30)) that equals to the determinant of the 
isomorphism {0\l30) {aO\aPO). Further, the idele a defines a collection of local 
sections {ax} G H ^x, hence (7r')V(det(Q;)) = (g) Thus we have treated 

the case when the divisor D is effective. 

One considers the case when E — —D > in the same way, using the exact sequences 
of sheaves 

-> Oci-E) ^Oc-^ Oc\e ^ 0. 

The case of an arbitrary divisor D — E, where D,E > 0, can be reduced to these two 
cases, using the embeddings of sheaves C{—E) C C and C{—E) C C{D—E) (respectively, 
Oc{-E) C and Oc{-E) C Oc{D - E)), whose pull-back with respect to n' will 
correspond to the choice of a common /c-subspace in the commensurable spaces aO 
and aPO (respectively, O and (30) when defining the one-dimensional space {aO\aPO) 
(respectively, {0\pO)). □ 

Remark 3.1. One can also descend a symmetric structure from the trivial biextension 
T of ((A^)°, (A^)°) to the biextension P and check this coincides with the natural 
symmetric structure on V. 
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Recall that for a natural number m prime to cliar(/c), the Weil pairing 0^ '■ 
Pic°(C)m X Pic°(C)m fJ^m IS the Weil pairing in the above sense associated with 
the Poincare biextension V (see [7] ) . Combining Proposition 12.11 with Theorem I3.1[ we 
get the following adelic formula for the Weil pairing. 

Corollary 3.1. Let a, a' G be two ideles such that a™" = fu and (a')™' = f'u', where 
f,f' e K*, u,u' G O*, and let C = Oc{-div{a)), M = Oc(-div(a')); then we have 

xec 

Remark 3.2. If the divisors D = — div(a) and D' = — div(a') do not intersect, then we 
have 0m(£, A^) = f'{D) ■ f~^{D'). The equivalence of this definition of the Weil pairing 
with usual one was first shown by Howe in [5]. 

Remark 3.3. Suppose that the ground field k is algebraically closed; then the group Ox 
is m-divisible for any closed point x G C and any integer m prime to c]iax{k). Therefore, 
given the divisors D and D' , one may choose the ideles a and a' such that a™" = / 
and {aT = f\ where /, f G K\ Then (Pm{C-,M) = [1 ^^ki.)/k[{ax,a'X]- The 

x&C 

coincidence of this formula with the definition of the Weil pairing via biextensions was 
also directly explained by Mazo in [6]. 
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